B. Y. Chen established sharp inequalities between certain Riemannian invariants and the squared mean curvature for submanifolds in real space form as well as in complex space form. In this paper we generalize Chen inequalities for submanifolds of Bochner Kaehler manifolds. Moreover, we consider CR-warped product submanifolds of Bochner Kaehler manifold and establish an inequality for scalar curvature.
Introduction
In [6] , B. Y. Chen established sharp inequality for a submanifold in a real space form involving intrinsic invariants of the submanifolds and squared mean curvature, the main extrinsic invariant and in [3] , B. Y. Chen obtained the same inequality for complex space form. After that many research articles [7, 8, 9] have been published by different authors for different submanifolds and ambient spaces in complex as well as in contact version. In this article we obtain these inequalities for submanifolds in Bochner Kaehler manifold.
In [2] Bishop and O'Neil initiated the thoery of warped product submanifold as a generalization of pseudo-Riemannian product manifold. In [5] Chen introduced the notion of CRwarped products. In This paper we study the CR-warped product submanifolds of Bochner Kaehler manifolds.
Preliminaries
Let W be a n-dimensional submanifold of a Bochner Kaehler manifold W of dimension 2m. Let ∇ and ∇ be the Levi-Civita connection on W and W respectively. Let J be the complex structure on W . Then the Gauss and Weingarten formulas are given respectively by
for all X ,Y tangent to W and vector field V normal to W . Where ω, ∇ ⊥ X , B V denotes the second fundamental form, normal connection and the shape operator respectively. The second fundamental form and the shape operator are related by
Let R be the curvature tensor of W , Then the Gauss equation is given by [6] 
for any vector fields X , Y , Z, W tangent to W . The curvature tensor of a Bochner Kaehler manifold W is given by [10] 
where
Ric and ρ are the Ricci tensor and scalar curvature of W . Let x ∈ W and {e 1 , ..., e n } be an orthonormal basis of the tangent space T x W and {e n+1 , ..., e 2m } be the orthonormal basis of T ⊥ W . We denote by H , the mean curvature vector at x, that is
Also, we set ω r i j = g(ω(e i , e j ), e r ), i, j ∈ {1, ..., n}, r ∈ {n + 1, ..., 2m} 2 and
(ω(e i , e j ), ω(e i , e j )).
For any x ∈ W and X ∈ T x W , we put JX = T X + FX , where T X and FX are the tangential and normal components of JX , respectively. We denote by
Let W be a Riemannian manifold. Denote by K (π) the sectional curvature of W of the plane section π ⊂ T x W , x ∈ W . The scalar curvature ρ for an orthonormal basis{e 1 , e 2 , ..., e n } of the tangent space T x W at x is defined by
Lemma 2.1. [6] Let n ≥ 2 and x 1 , x 2 , ..., x n , b be real numbers such that
with equality holds if and only if
In [1] A. Bejancu introduced the notion of CR-submanifolds, which is the generalization of invariant and anti-invariant submanifolds. In [4] B. Y. Chen introduced the notion of slant submanifolds as a generalization of CR-submanifolds. Definition 2.1. A submanifold W of a Bochner Kaehler manifold W is said to be a slant submanifold if for any x ∈ W and X ∈ T x W , the angle between JX and T x W is constant, i.e., the angle does not depend on the choice of x ∈ W and X ∈ T x W . The angle θ ∈ [0,
B. Y. Chen inequalities
In this section, we obtain B. Y. Chen inequalities for submanifolds of a Bochner Kaehler manifolds.
First we have, 
Ric(e i , Je j )g(e i , Je j ).
(10) 
and
Proof. Using Gauss equation, the Riemannian curvature tensor of W is given by
Using (7), (8) and (9) in (13), we have
Which simplifies to,
Combining (5) and (14), we have
g(e i , e i )
Ric(e i , Je j )g(e i , Je j )
Denoting by
Ric(e i , Je j )g(e i , Je j ),
For chosen orthonormal basis, the above equation takes the form
Using lemma 1 in (16), we have
On the other hand, from Gauss equation we obtain
Combing (5) and (18), we derive
Incorporating (17) in (19), we arrive at the inequality
Which implies that
If the equality in (10) at a point p holds, then the inequality (20) become equality. In this case, we have 
The equality at a point 
Ric(e i , Je j )cosθ . 
Equality holds if and only if there exists an orthonormal basis
From this theorem, following corollaries can be easily deduced. 
Ric(e i , Je j ). 
The equality at a point x
The equality at a point x ∈ W holds iff there exists an orthonormal basis {e 1 , e 2 , ..., e n } of T x W and orthonormal basis {e n+1 , e n+2 , ..., e 2m } of T ⊥ W such that shape operators of W in W at x have the forms (21) and (22).
Warped product of CR-submanifolds of Bochner Kaehler manifolds
Let W = W T × f W ⊥ be the warped product CR-submanifolds of Bochner Kaehler manifold W such that the invariant distribution is D = T W T and anti-invariant distribution is D ⊥ = T W ⊥ , where f : W T −→ R. Then the metric g on W is given by [5] 
where π and σ are the projection maps from W onto W T and W ⊥ respectively.
It is easy to see that
where ν is the orthogonal distribution to JD ⊥ in the normal bundle T ⊥ W . From (23), we can write
Also for warped product submanifold W of W , we have [5] 
8 for any vector fields X ∈ D and Z ∈ D ⊥ . Further, we can decompose (∇ X J)Y into the tangential and normal components as under
where P X Y and Q X Y denotes the tangential and normal components of (∇ X J)Y First we prove the following lemma 
Proof. From Gauss equation, we have
Using (24), we infer
Replace X by JX , we get
We can write the above equation as
On comparing the tangential components, we obtain
for X ∈ D and Z ∈ D ⊥ .
Again on comparing the normal components in (26), we have
from which we conclude that
By taking the inner product (28) with JW , we get
Further using (27) in (29), we have
Also, by taking the inner product of (28) with Jω(X , Z), we find 
Proof. Let {X 1 , ..., X p , X p+1 = JX 1 , ..., X 2p = JX p } be a local orthonormal frame of vector fields on N T and {Z 1 , ..., Z q } be a local orthonormal frame of vector fields on N ⊥ , where 2p + q = n. Then we have
from above equation we can say that
Now from (27), we have
In view of the assumption P D ⊥ D ∈ D, we have
where grad D denotes the gradient of some function on the distribution D.
Thus we have
